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The results on manipulability of not necessarily single-valued group 
decision functions are considerably more tentative than similar results for 
single-valued group decision functions.' The main reason is that when the set 
of outcomes may contain more than one alternative, non-obvious 
behavioural assumptions are needed to determine the individuals’ preferences 
over possible sets of outcomes. The assumption of maximin behaviour and 
the assumption of expected utility maximization have been often used in this 
context.” However, these are rather restrictive assumptions which limit the 
scope of the theorems proved. In contrast, Barbera [3] proves an interesting 
result with a weak behvioural assumption. Barbera assumes that if an 
individual prefers x to y then he must prefer the outcome set {x} to the 
outcome set {x,y}, and he must prefer the outcome set {x, y} to the outcome 
set { y}. Given this very weak assumption he shows that every binary group 
decision function which is non-oligarchical and which satisfies Arrow’s [1] 
condition of Citizen’s Sovereignty must be manipulable. 

While this result of Barbera is elegant with respect to the behavioural 
assumption used, it is extremely limited in scope in that it applies only to 
binary group decision functions (i.e., group decision functions under which 
for any given set of individual orderings, the choices from different sets of 
alternatives can be rationalized by a weak preference relation for the group). 
As is well known, the class of binary group decision functions is quite small, 
especially if the number of alternatives is sufficiently large.? Our paper seeks 


* We are grateful to P. Dasgupta, R. Deb, P. Hammond, T. Gorman, and two anonymous 
referees for valuable comments on earlier versions of the paper. 

'The well-known papers of Gibbard [7] and Satterthwaite [11] discuss the manipulability 
of single-valued group decision functions. Barbera [3,4], Gardenfors [6], Gibbard [8], Kelly 
{9}, Pattanaik [10], and Sengupta [15] are some of the writers who discuss manipulability of 
group decision functions which are not necessarily single-valued. 

>For example, Sengupta [15] and in many cases Pattanaik [10] use the maximin 
assumption while Gibbard [8] uses the assumption of expected utility maximization. 

3 See Blau and Deb [2}. 
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to relax this assumption of binariness so as to retain the notion of pairwise 
comparisons only in a very minimal sense, while continuing to use 
behavioural assumptions which, though somewhat stronger than Barbera’s 
assumption, are still intuitively extremely weak. In particular, we assume 
that for every individual the outcome set A is better than the outcome set B 
if for him every alternative in A is at least as good as every alternative in B, 
and some alternative in A is strictly better than some alternative in B.* Given 
this assumption it is shown that every group decision function which is based 
on pairwise comparisons in a very minimal sense and which does not allow 
any single individual to have any veto, must be manipulable, provided all 
possible weak orderings over the alternatives are permissible for individuals. 
On the other hand it is shown that if only strict orderings are permissible for 
individuals, then it is possible to construct a fairly wide class of 
“democratic” decision rules based on pairwise comparisons, which will be 
strictly non-manipulable under assumptions consistent with the behavioural 
rule referred to earlier. 

In Section 1 we introduce our notation and some definitions. The main 
results are proved in Section 2. In Section 3 we comment on the significance 
of some of the assumptions. 


1. THE NOTATION AND SOME DEFINITIONS 


Let X be the set of alternatives and N= {1, 2,...,2} be the finite set of 
individuals. We assume that |N|>2. In general we assume that |X| > 3; 
however, in some of the theorems we shall assume that |X| > 4. A non-empty 
subset of X is called an issue and a non-empty subset of N is called a 
coalition. : 

Let J be the set of all possible orderings over X and let J° be the set of all 
possible linear (or strict) orderings over X. For every i€ N, we have a given 
subset S, of J, to be called the set of permissible orderings of individual i. 
The interpretation of S, is as follows. S; is the set of orderings over Y which 
can figure as the true or sincere preference ordering of i; also S; is the set of 
orderings which i can possibly express. Unless otherwise specified, we 
assume that S,=J for all i€ N (in Section 3 we consider the case where 
S,;=J° for every i€ N). S;XS,X++- XS, will be indicated by S. The 
elements (R,,....R,), (Rj. Ri), etc., of S will be called situations and will 
be indicated by s,s’, etc. R,,...,R, have the usual interpretation as orderings 


“Given the assumption that individual preference are orderings, this can be shown to be 
equivalent to the following rule: A is better than B if every alternative in A is at least as good 
as every alternative in B and either some alternative in A is better than every alternative in 8 
or some alternative in B is worse than every alternative in A. See Pattanaik [10]. 
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of the individuals. Similarly for R}{,...,.R},. The true or sincere preference 
ordering of an individual i (i € N) will be indicated by R;. f= (Ry yeess R,) 
will be called the sincere situation. Corresponding to R,, P, and J, are the 
strict preference and indifference relations defined in the usual fashion. 
Similarly P, and 7, correspond to R, and so on. For all coalitions L and all 
x, VEX, xR, y iff («R,;y for all iE L). Similarly we have xP, y, xI, y, etc. 


DEFINITION |. A group decision function (GDF) is a function { which 
for every situation s and every issue A, specifies exactly one non-empty 
subset E of A. We write E = f(s, A) and call £ the set of outcomes yielded 
by f given situation s and issue A. 


For all x, y EX and for all se S, xRy iff & E f(s, (x, y}); xPy iff (~Ry 
and ~yRx); and xly iff Ry and yRx). Similarly we define R', P’ and I’ 
corresponding to s’ and so on. For any given issue A, C(A, R) = {x GA | xRy 
for all y€ A}. 

We assume that for every i€ N and every possible sincere ordering R, of 

, R, generates a binary weak preference relation [R,>] over the set of all 
soctble non-empty subsets of X. The binary relation [R;>| is to be inter- 
preted as the ith individual’s preferences over alternative conceivable sets of 
outcomes. [R,>] is the strict preference relation corresponding to [R;>]. 

Consider the following three assumptions due to Barbera [3], Kelly [9], 
and Gardenfors [6], respectively. 


ASSUMPTION 1 (Barbera [3]). For all i€ N, and for all non-empty 
subsets G, G', and G" of X, G[R;>]G and G'[R;>]G" if for some 
x, pyEX, G= {x}; G = {x,y}; G" = {fy}; and xP, y. 


ASSUMPTION 2 (Kelly [9]). For all i€ N and for all non-empty subsets 
G and G' of X, G[R;>] G’ if (for all x € G and for all x' € G', xR;x') and 
(for some x € G and for some x' € G', xP;x'). 


ASSUMPTION 3 (Gardenfors [6]). For all iG N, and for all non-empty 
subsets G and G' of X, G[R,>|G' if any of the following conditions is 
fulfilled: 

(i) GCG’; for all x € G and all y € (G@ — G), xR, y; and for some 
x € G and some y € (G' —G), xP, y; 
(ii) G' CG; for all x € (G—G’) and all y € G', xR, y; and for some 
x € (G —G’) and some y € G', xP, y. 
(iii) Neither GCG’ nor G' CG nor G=G'; for all x € (G — G’) and 
all y € (G' — G), xR, y; and for some x € (G — G') and some y € (G' — G), 
xP; y. 
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Assumption 1 is the weakest of the three. Assumption 2, though somewhat 
stronger than Assumption 1, is intuitively extremely plausible. All that 
Assumption 2 says is that if everything in G is at least as good as everything 
in G’ and something in G is strictly better than something in G’, then G is 
better than G’. We shall mostly use Assumption 2 in this paper. 
Assumption 3 is much stronger than Assumption 2. The intuitive appeal of 
Assumption 3 is not quite clear. For example, if x,P,x,P;--- P;x,9, then 
under Assumption 3, {x,,X ,..,X%9}[R;>]{X,,%,9} while intuitively this is 
not a compulsive conclusion. (In fact this may be inconsistent with expected 
utility maximization depending on the utility function representing R; and the 
probabilities attached to the alternatives in the two sets.) 

Replacing “if? by “only if’ in Assumptions 1, 2 and 3 we get 
Assumptions 1’, 2’ and 3’, which are in descending order of logical strength. 
Assumptions 1’, 2’ and 3’ lack plausibility and are extremely strong 
assumptions to make. 

We now introduce the familiar notion of manipulability. For all s,s’ ES 
and for all coalitions L, s and s’ are said to be L-variant iff [(R; # R’, for all 
i€L) and (for all jE (N—L), R;=R;)|. (When L consists of a single 
individual, say k, we write “k-variant” instead of writing “{k}-variant.”) 


DEFINITION 2. Let f be a GDF. Given an issue A and the sincere 
situation 5, sE S is said to be a strict equilibrium (resp. an equilibrium) iff 
there does not exist (s’,) such that s’ ES; L is a coalition (resp. L is a 
coalition with exactly one member); s and s’ are L-variant; and for all i€ L, 
f(s’, A)|R; >| f(s, 4). (If such (s’, L) exists, we say that (s’, L) is a threat to 
s given the issue A and sincere situation §; when L contains only one 
individual, say k, we write (s’,k) instead of writing (s’, {k}) to indicate the 
threat.) f is strictly non-manipulable (resp. non-manipulable) iff for every 
possible issue, every possible sincere situation ¥ (SES) is a strict 
equilibrium (resp. equilibrium). 

Qur next definition introduces several properties of a GDF. 


DEFINITION 3. Let s and s’ be any two situations in S, and let x and y 
be any two alternatives. Let A be any issue and let f be the GDF. 
(3.1) Binariness (B): C(A, R) = f(s, A). 
(3.2) Minimal Binariness (MB): If C(A, R)# @, then 
C(A, R)C f(s, A) S {x CA] ~dy © C(A, RR): yPx}. 


(3.3) Schwartz’s Rule (SZ): f(s,4)=UsegB, where BE # iff 
(i) B CA; and (ii) for all a,b € X if a € B and b € (A — B), then ~bPa; and 
(iii) there does not exist any proper subset of B which satisfies (i) and (ii). 
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_ (3.4) Limited Independence of Irrelevant Alternatives (LIND): If, for 
all iG N, [(xR,y iff xR} y) and (yR;x iff yR}x)] then [(xRy iff xR’y) and 
(yRx iff yR'x)]. 


(3.5) LIND*: Suppose for all iG N, if xJ,y, then R,;= Rj and if 
~xI,y, then [(xR,y iff xR} y) and (yR,x iff yR;x)]. Then [(xRy iff xR’y) 
and (yRx iff yR’x)]. 


(3.6) Limited Monotonicity (LM): If |(for all 7€ N and all ae X, 
xP,a—xP;a and xI,a—xRja) and (for all i€ N and all a,b © (X — {x}), 
aR ,b iff aRib)], then [xPy > xP’y and xly > xR’y]. 


(3.7) Limited Absence of Individual Vetoes (LAV): If |{iE N| 
xP; y}|>|N|—1, then xPy. 


(3.8) Limited Sovereignty of Coalitions of at least k (IN| >k>1) 
Individuals (LSOV,): Let L be any coalition with at least k members. Then 
for all i€ L, there exist R;€ S, such that for all s€ S, if R,=R; for all 
i€L, then xPy. 


(3.9) Limited Resoluteness (LRS): (xPy or yPx). 


B and MB are concerned with two alternative senses in which one can 
speak of a GDF being based on pairwise comparison of alternatives. B 
requires f(s, A) to coincide with the set of R-greatest element in A. Since by 
definition, f(s, A) must be non-empty, B implies that an R-greatest element in 
A must exist. As is well known this is an extremely restrictive requirement 
which excludes most democratic decision procedures especially when |A| is 
sufficiently large. 

MB is much weaker than B. First, unlike B, MB does not impose any 
restriction on f(s, 4) when there does not exist any R-greatest element in A. 
Secondly, when R-greatest elements in A do exist, MB does not require 
f(s, A) to coincide necessarily with the set of R-greatest elements in A. If 
C(A,R)#@, MB only requires that C(A, R) should be a subset of f(s, A) 
which in turn should be a subset of the set of alternatives x such that x is not 
defeated by any element of C(4,R) in a pairwise comparison under f. 
Intuitively speaking, all that MB requires is this: If at all there exists an all 
round winner (i.¢., alternative which is not defeated in a pairwise comparison 
with any alternative in the issue) in the issue, then every such all round 
winner must figure in the set of outcomes and no alternative which is 
defeated in a pairwise comparison with some all round winner in the issue 
can possibly belong to the set of outcomes. 

The importance of the fact that MB permits C(4,R) to be empty is 
obvious. What may not be so obvious is the significance of the requirement 
that where C(4,R) is non-empty, C(4,R) should be a subset of, but not 
necessarily coincident with, f(s, A). We clarify this below. 
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For any given issue A, let Q, be the set of all one-to-one functions from 
{1, 2,...,|4|} to A. Let f be any given GDF. For all g € Q, and for alls € S, 
let A'(q,s,f)={q(1)} and for all integers i ((=1,2,.., |4|—1) let 
Ag, 5, f) = Ureatas.n L(Ss (q+ 1), x})—{yEA| y=aGt 1) and xPy 
for some x € A'(q, s, f)}. Consider the class F of GDFs f such that for every 
issue A there exists g@Q, such that for every situation s, f(s,4)= 
A'4'(q, s, f). Intuitively F is the class of GDFs under which choice from any 
given issue is based on a sequence of pairwise comparisons. (¢ € Q, can be 
interpreted as specifying a sequence or “path” of pairwise comparison of 
alternatives in A.) It can be easily checked that for every issue A, every 
s € S, and every gE Q,, C(A,R)CA''(g, 8, f)E {x EA| ~Iy E C(A,R): 
yPx}. Therefore every f € F satisfies MB. However, many GDFs belonging 
to F violate the property that if C(4, R) # @, then f(s, A) should be identical 
with C(A,R). This is shown by Example 1. Example 2 illustrates certain 
other types of GDFs (not based on a sequence of pairwise comparisons) 
which, though satisfying MB, allow C(A,R) and f(s,A) to differ when 
C(A, R)#OD. 


EXAMPLE |. Suppose X = {x, y,z}. Let X itself be the issue. The agenda 
is to compare x and y first and then to compare the winners with z, and to 
declare the winners at this stage as the winners in the entire set of X. (In 
terms of our notation, let g€ Q, be such that g(1)=x; 9g(2)=y; and 
q(3) = z. Then f(s, X) = X°(q, s, f). Suppose s € S is such that we have (xPy 
and yPz and x/z). Then following the method mentioned we have f(s, X) = 
{x, Zz} even though C(X, R) = {x}. It is clear that this is consistent with MB. 


EXAMPLE 2. Suppose A = {X,,X,...,X,}. Suppose for all se S if 
C([C (x4 X2}4R) U C({2%5,%4},R) U CU {x55 x6}, R)], R) #@, then f(s, A) = 
C([C(ix,.x%2},R) U C({x3,x4},R) U C({x5,x6},R)],R); and in all other 
cases f(s,4)=A. Suppose for all y€ A, x,Ry; and we have (x,Px, and 
X;Px, and x,Px, and x,Px, and x;Px, and x,Ix, and x,Px,). Clearly 
J (8,4) == {x,,x5} but C(A, R) = {x,}. However, this is consistent with MB. 


The well-known condition of Schwartz’s Rule (SZ)° is stronger than the 
property MB. 

Among the other properties introduced in Definition 3, LIND, LM, LAV, 
LSOV,,,., and LRS are familiar; LIND* is a slightly weaker version of 
LIND. 


* See Schwartz [12, 13]. 
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2. MANIPULABILITY OF MINIMALLY BINARY GROUP DECISION 
FUNCTIONS—THE CASE OF WEAK INDIVIDUAL ORDERINGS 


In this section we shall assume that for every individual i, S;=J. Given 
this assumption and given Assumption 2, we show that every minimally 
binary GDF satisfying LSOV,,,_, is manipulable if |X| >4 and that every 
minimally binary GDF satisfying LSOV,,,_, and LIND is manipulable if 
|X| > 3. We first prove the following results. 


Lemma 1. Let A be a given issue and let s,s' € S be such that f(s, A) # 
{(s', A) where f is the GDF. Then there exist i€ N and i-variant 8,5€ S 
such that {(R; = R;) and (R;=R‘)]; [for all j#i (R;=R, or R,=R}) and 
(R, = R; or R;=R’)]; and [f(8.A) = f(s, A) # f(s, A)]- 


Proof. Starting with s, replace the orderings R, by R} (i= 1,...,”), one at 
a time, thereby generating the finite sequence of situations (s', s’,...,5”). 
[Thus s! = (Ri, Ry. R,) and for all i (i= 1,...— 1), s't! = (Rj, Rj, Ri, 
Ri, Ri, 45.5 Ri)]. Clearly s"= 5s’. Let ¢ be the smallest integer (1 <¢ <n) 
such that f(s‘, A) # f(s, A). Since f(s", A) = f(s', A) # f(s, A), such ¢ exists. 
If +=, then let $= 5 and S=s'. If t> 1, then let $= s‘~' and S=s". Clearly 
$ and § constructed in this way satisfy all the conditions stipulated in the 
statement of the lemma. & 


LeMMA 2. Suppose a GDF f violates LIND*. Then f must be 
manipulable given Assumption 2. 


Proof. Since f violates LIND*, by definition of LIND* we have x, yEX 
and §, §€ S such that for all iG N, [(xP,y and xP,y) or (yP;x and yP, x)] 
and f(§, {x, y}) # S(S, {x, y}). Hence given Lemma 1, we have x, y € X and 
§,§€ S such that for some i€ N, § and § are i-variant; [(xB, y and xP, y) or 
(yP,x and yP,x)|; and (f8, (x, vy) #LG toy}. Since (SG (x yp # 
S(S, \x, y}), either (xPy and yRx) or (yRx and xPy). 

Suppose (xPy and yRx). If (xP; y and xP, y), then assuming § = 5, ($, i) is 
a threat to § and hence f is manipulable. If (yP,x and yP,x), then assuming 
§= 5, (§, i) is a threat to § and hence f is manipulable. 

The proof for the case where (yRx and xPy) is similar to the one in the 
preceding paragraph. ff 


LemMa 3. Jf a GDF violates LM, then it must be manipulable given 
Assumption 2. 


For the proof of this result, the reader may refer to Pattanaik [10, 
pp. 62-63]. 
Let f be any given GDF, For any ordered pair of alternatives x, y € X and 
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any coalition L, L is nearly decisive for x against y iff x # y and for all 
sé S, if (P,y and yPy_,x) then xPy. Let D, be the set of all smallest 
nearly decisive coalitions (so that a coalition L belongs to D, iff L is nearly 
decisive for some x against some y, and |L|<|Z£| for every coalition Z 
which is nearly decisive for some ¥ against some j.) If f satisfies LAV, then 
D, is clearly non-empty, and for all L € D,, |L|>2 and N—L#@. 


LemMA 4, Let Assumption 2 be satisfied. Let f be a minimally binary 
GDF satisfying LAV and let L € D,. Let L be nearly decisive for a against 
b (a,bEX and a#b). Then f is manipulable if at least one of the following 
conditions holds: 


(a) there exist s° ES, c € (X — {a,b}), and hE L such that |(for all 
i€ (L — {h}), aP?bP?c) and (bPy_,cPy_,a) and (cP° al} b) and (bR°a)|; or 

(8) there exist s°ES, cE (X—{a,b}), and g,hEL such that 
[(al,bP,.c) and (for all ic (L —{ g,h}), aP?bP?c) and (bP\,_, cP? _,a) and 
(cP,aP,b) and (aP°b)]. 


Proof. If f violates LIND* or LM, then fis manipulable by Lemmas 2 
and 3. Hence in what follows we assume that f satisfies LIND* and LM. 


I. Suppose (a) holds. Consider s° as specified in (a). By LAV we have 
bP°c. We cannot have aP*c. For, if aP°c, then by LIND, (L — {A}) € D,, 
which contradicts the fact that L € D,. Ths cR°a. Therefore (bR°a and bP%c 
and cR°a). Let A = {a,b,c}. By MB, f(s°,A)= {b} or f(s°, A) = {a, d}. 
Consider s'€ S such that s’ and s° are h-variant; for all x, y € A, if {x, y} # 
{a,b}, then xR} y iff xR} y; and aP}b, By LIND* comparing s! and s° we 
have (bP'c and cR'a); and given that L is nearly decisive for a against b, we 
have (aP’b). If c € f(s', A), then assuming s° = 5, {s', A) will be a threat to F 
and hence f will be manipulable. If f(s', A) < {a,b}, then there are three 
possibilities: (i) f(s’, A) = {a}; (ii) f(s', A) = {b}; or (iii) f(s', A) = {a, b}. 

I(i). Suppose f(s', A) = {a}. Consider s? such that s? and s' are 
(N —L)-variant and cP,,_,bP,_,a. By LIND*, comparing s' and s? we 
have (aP*b and cR’a). By the fact that L € D,, we have cR*b. Hence by 
MB, c€ f(s?,A) and f(s?,A)#f(s',A). Hence by Lemma |, there exist 
§,§ES and kE(N—L) such that § and £ are k-variant; f(§,A)= {a} # 
f(§,A); and (bP, cP,a). Assuming §=§ and given our Assumption 2, (§, k) 
is a threat to 5 and hence f is manipulable. 

I(ii). If f(s', 4) = {b}, then consider s*€ S such that s* and s! are 
(N —L)-variant and bP;,_,aP,_,c. By LIND* and by AV, we have (aP*b 
and bP*’c and aP%c). Hence f(s’, A) = {a} and f(s', A) # f(s*, A). Then by 
Lemma | we can construct § and § such that § and § are k-variant for some 
kE(N—L); f(6,A) = {(b} #f(6, A); and bP, aP,,c. Assuming § = §, (S, k) is 
a threat to § and hence / is manipulable. 
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I(iii). Suppose f(s',A)= {a,b}. Then consider s? as constructed 
above. f(s’, A) # f(s’, 4) = {a}. Hence by Lemma 1, we can construct § and 
§ such that § and § are k-variant for some k € (N — L); for all i#k, (R;=R; 
or R,=R}); (bP,cP,a and bP,aP,c); and f(§,A)= {a,b} #f(§,A). By 
LIND*, comparing s and s° we have (aPb and bPc). Since f(§, A) # {a, b}, 
J (8, 4) can assume any one of six possible values: {a} or {c} or {a,c} or {b} 
or {b,c} or {a,b,c}. If f(5,A) is equal to {a} or {c} or {a,c} then assuming 
§=5, (Sk) will be a treat to ¥ and hence f will be manipulable. If 
J (5,4) = {b}, then assuming $=5, (Sk) is a threat to § and hence f is 
manipulable. Suppose f(s, A) = {b,c} or f(S,A) = {a, b,c}. Then given MB, 
(aPb and bPc and aRc) cannot hold. Since (aPb and bPc), it follows that we 
must have (aPb and bPe and cPa). Note that by construction, R, = R}. 
Consider s* € S such that s* and § and A-variant and Rj = R?. Comparing s* 
with s° and §, we have (bR‘a and bP*c and cP*a) by LIND*. Hence 
bE f(s‘, A) {a, b}. Assume s* = §; since by assumption /(5, A) is equal to 
{b,c} or {a,b,c}, it is then clear that (S,4) is a threat to ¢ and hence /f is 
manipulable in these cases also. 

II. Suppose (8) holds. Consider s° as specified in (8) and let 4 = 
{a,b,c}. As in Step], we must have (bP°c and cR°a). Since aP°b (by 
assumption), we have (aP°b and bP°c and cR°a). If ce /f(s°,A), then 
consider s' such that s' and s° are h-variant and bP,aP),c. By LIND* and 
by the fact that L € D,, we have (bR'a and bP'c and cR'a). Hence by MB, 
f(s’, A) & {a, b}. Then assuming s° = §, (s', A) will be a threat to 5 and hence 
f will be manipulable. If c é f(s°, A), then f(s°, A)  {a, b}. There are three 
possibilities: f(s°, A) = {a}, or f(s°, A) = {b}, or f(s°, A) = {a, 5}. 

If_f(s°, A) = {a} or f(s°, A) = {b}, then the proof is exactly similar to the 
proof in Steps I(i) and I(ii), respectively. 

If f(s°, A) = {a,b}, we proceed exactly in the same way as in Step I(iii) 
except for one difference. In Step I(iii), in the case where /(§, A) was {6,c} or 
{a, b,c} we constructed s* € S such that assuming s* = 5, (§, A) turned out to 
be a threat to = 5*. In the corresponding stage here we have to assume that 
§=§ and then (s*,A) will turn out to be a threat to S=S. Except for this 
difference the proof here remains exactly similar to the proof in 
Step I(iii). 


We now prove our Theorems | and 2. 


THEOREM 1. Let Assumption 2 be satisfied and let |X|> 4. Let f be a 
minimally binary GDF satisfying LSOV,y,_,. Then f is manipulable. 


Proof. \f f violates LIND* or LM, / will be manipulable (by Lemmas 2 
and 3). So we consider only the case where f satisfies LIND* and LM. 
Given LIND* and LM, it can be checked that LSOV,,,_, implies LAV. So 
in the rest of the proof we assume that / satisfies LAV and MB. 
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Let L € D,. Let L be nearly decisive for a against b (a,b € X and a #8). 
Let c,d € X be such that a,b,c, d are all distinct. By LAV, |L| > 2. Let g 
and A be two distinct individuals in L. Construct s such that 


for all iG (L — {g,A}), aP bP ,cP,d; 
dP ,aP, bP,c; 
cP,al,bP,,d; 


bP,_, dPy_,CPy_14. 


Either bRa or aPb. If bRa, then considering the triple (a, b, c) we know that 
by Lemma 4, fis manipulable. On the other hand, if aPb, then considering 
the triple (a, 5, d), we know that by Lemma 4 again, fis manipulable. Thus f 
is manipulable in all cases. 


If one is prepared to add LIND to the properties MB and LSOV,,,_, in 
the statement of Theorem 1, then the condition, |X| > 4, can be weakened to 
the condition that |X| > 3. 


THEOREM 2, Let Assumption 2 be satisfied and let |X| > 3. Let f satisfy 
LIND, MB and LSOV,,,_,. Then f is manipulable. 


Proof. As in the proof of Theorem 1 we need consider only the case 
where f satisfies LM. Since given LM and LIND, LSOV,,,_, implies LAV, 
in the rest of the proof we assume that f satisfies LAV. 

Let L € D,. Let L be nearly decisive for a against b (a,b € X and a #b). 
Let ¢ € (X — {a, b}). Let g,h EL (g#h). Let s be any situation such that 
(al,b) and (for all i€ (L — {h}), aP,b) and (bP, _, a). We must have either 
bRa or aPb. 

If bRa, then construct s°€ S such that [(for all i€ (L — {h}), aP?bP%c) 
and (bPy_,cP\_,a) and (cP°al?b)]. By LIND, we have bR°a. Hence by 
Lemma 4, f is manipulable. 

If aPb, then construct s°€ S such that {(alfbP%c) and (for all 
i€ (L—{g,h}), aP?bP?c) and (bPy_,cPy_,@) and (cPaP?b)|. By LIND, 
we have aP%). Hence by Lemma 4, fis manipulable. §f 


Note that if at all Theorem 1 had assumed LIND*, then the cost involved 
in changing to LIND in Theorem 2 would be only marginal. However, 
Theorem 1 does not assume either LIND* or LIND; hence introduction of 
LIND in Theorem 2 constitutes a significant additional restriction. It is true 
that LIND* played a crucial role in the proof of Theorem 1 but it was not 
necessary to assume LIND* in Theorem 1 since LIND* is a necessary 
condition for non-manipulability of a GDF under Assumption 2. LIND also 
plays an equally crucial role in the proof of Theorem 2. However, it is not 
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TABLE I 


Assumptions under Which Three Alternative Theorems Show 
That the GDF Is Manipulable 


(1) (2) (3) (4) (5) 

Theorem 1 X|\>4 ; 
in this paper and |Nj >2 Assumption 2 MB LSOV 4) _1 ~ 

Barbera’s X|>3 ; LSOV ,, and 

theorem and|N} > 2 Assumption | B Absence of _ 

i? Oligarchy 

Theorem of X\>3 : Condorcet Anonymity 
Gardenfors and |N| > 3 Assumption 3 _ criterion Neutrality 


possible to appeal to any “necessity” result to discard LIND in Theorem 2 
since given our assumption that all weak orderings are permissible for an 
individual (ie., S;=J for all iG N), LIND is not a necessary condition for 
non-manipulability under Assumption 2 (see Example 5.1 in Pattanaik [10, 
pp. 78-79]). 

Theorem 1 is compared with the central theorems of Barbera [3] and 
Gardenfors [6| in Table I, where we list the assumptions under which each 
of these theorems shows that f is manipulable.® While some assumptions of 
Barbera are weaker than corresponding assumptions of our Theorem | (see 
columns (1), (2) and (4) in Table I), this is achieved at a very high cost since 
his property B rules out most democratic decision rules based on pairwise 
comparison while MB admits most of them. Gardenfors does not use either 
B or MB but his other assumptions —Condorcet criterion, anonymity and 
neutrality—are rather strong. 

It may also be useful to comment on the relationship between our 
Theorem 1 and Theorem 1 of Barbera [4] which investigates manipulability 
(under Assumption 1) of not necessarily single-valued GDFs in a somewhat 
different framework. The major difference lies in that Barbera does not use 
any of the “binariness condition” but postulates a property called “positive 
reponsiveness.” This property requires that if for a given situation, x is one 


° Certain properties mentioned in Table I have not been defined earlier. We define them 
here. Let s and s’ be any two situations; A be any issue; 0 be any one-to-one function from NV 
to N; and y be any one-to-one function from X to X. A GDF / satisfies: (1) Absence of 
Oligarchy iff there does not exist a unique coalition L such that for all distinct a,b € X, if 
aP,b, then aPb, and if aP,;b for some iE L, a aRb; (2) Condorcet 3) tn iff for all 
a€aA, if |{i€ L|aP,5}| > N/2 for all b € (A — {a})], then f(s, a) = {a}, (3) Anonymity iff 
(R;= Ri, for all i€ N) implies f(s, A) = f(s’, ty od (4) Neutrality ir [for all i€ N, and 
for all a,b © X, aR,b iff y(a) Ri w(b)] implies f(s’, w(A)) = vl f(s, A)]- 
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of many outcomes, and if x moves up vis-a-vis some alternatives in some 
individual’s orderings (the orderings remaining intact otherwise), then in the 
resulting new situation x must be the only outcome. Note that while 
discarding all “binariness conditions” is a gain, positive responsiveness is a 
restrictive condition violated by most decision rules covered by the wide 
class of GDFs figuring in our theorem. As can be easily checked, positive 
responsiveness is violated by every GDF which satisfies MB and LAV in 
addition to the following property: For all a, 6 € X and for all situations s, if 
iG N| aP,b}|=|{iE Nj bP,a}|, then alb. 


3. A REVIEW OF SOME ASSUMPTIONS 


In this section we comment on three features of Theorem 1: (i) the role of 
Assumption 2; (ii) the assumption tuat for all i€ N, S;=J; and (iii) the 
degree of binariness postulated in the theorem. 

First, consider the role of Assumption 2 in Theorem 1. A natural question 
that arises in this context is whether this assumption can be replaced by the 
following weaker assumption (to be called Assumption 4) without affecting 
the validity of the result. 


ASSUMPTION 4. For all i€ N, and for all non-empty subsets G and G' of 
X, G[R;>| G' if for all x € G and for all x' EG’, xP,x’. (Replacing “if” by 
“only if” in this statement, we get a different assumption to be called 
Assumption 4'.) 


The following example shows that Assumption4 cannot replace 
Assumption 2 in the statement of Theorem 1. 


ExaMPLeE 3. Let V be any fixed linear ordering over XY. Let S; =J for all 
i€ N. Let the GDF / satisfy the following two conditions: 


(1) for every s€S and for all x, y€ X, (xPy iff [({iEN| xP; y}| > 
iE N| yP;x}]) or (iE N| xP, y}| = [GE N| yP;x}| and x # y and xVy)]) 
and (yRx iff ~xPy); and 

(2) for every s€ S and every issue A, if C(A, R)#@, then f(s, A) = 
C(A,R), and if C(A,R)=@, then f(s, A) = {x EG A|~Idy EA: yP;x for all 
i€ N}. The reader can check that / satisfies LAV (and hence LSOV,,,_,), 
and MB, and that f is strictly non-manipulable under Assumption 4’ (which 
is consistent with Assumption 4). 


Theorems 1 and 2 assume tht for all i/€ N, S;=J and the possibility of 
individuals being indifferent between alternatives was used crucially in the 
proofs. The following theorem shows that if individual orderings (sincere as 
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well as non-sincere) are restricted to be strict, then no longer it is possible to 
prove that every GDF satisfying MB and LSOV,,,_, will be manipulable 
under Assumption 2 when |X| > 4. 


THEOREM 3. If S;=J° for all iG N, and if Assumption 3' is satisfied, 
then every GDF satisfying LIND, LM, LRS and SZ is strictly non- 
manipulable. 


Proof. Let fbe a GDF satisfying LIND, LM, LRS and SZ. Let 5 be any 
sincere situation and let (s, L) be a threat to s given some issue A. We show 
that this leads to a contradiction given that for all i€¢ N, S,;=J° and that 
Assumption 3’ holds. 

Let f(s, A) = E and f(s, A) = E. Since (s, L) is a threat to 5, E #E. Hence 
either (i)E is a proper subset of E, or (ii) E is a proper subset of £, or 
(iii) neither (i) nor {ii) holds. 

Suppose (i) holds. By SZ and LRS, yPz for all y € £ and all z € (4 —E£). 
By Assumption 3’, xP, y for all x € (E —£) and all ye E. Since for all 
iG (N—L), R,;=R,, and for all x € (E —E) and all y € E, yPx and xP, y, 
by LIND and LM it follows that yPx for all y€ E and all xe (E—£). 
Since by SZ and LRS, yPz for all y€ E and all z € (A — E), this implies 
that yPz for all y€ £& and all z€ (A —E). This violates SZ since E is a 
proper subset of E. 

The proof for case (ii) is exactly similar to the proof for case (i). 

Suppose (iii) holds. Then by SZ and LRS, yPx for all y € (E — E) and all 
x€(E—E). By Assumption 3’, xP,y for all x@(E—E) and all 
y € (E—E). Since for all ic (N—L), R,=R,, and for all x € (E — E) and 
all y € (E— E), yPx and xP, y, by LIND and LM, it follows that yPx for all 
y € (E—E) and all x € (E— E). However, this violates SZ. This completes 
the proof. ff 


Theorem 3 is a generalization of Theorem 2 of Dutta [5] who proves a 
similar result with the additional assumption of neutrality. Since 
Assumption 2’ implies Assumption 3’, the following result follows from 
Theorem 3. 


COROLLARY OF THEOREM 3. If S;=J° for all i€N, and if 
Assumption 2' is satisfied, then every GDF satisfying LIND, LM, LRS and 
SZ is strictly non-manipulable. 


Since Assumption 2’ is consistent with Assumption 2, it is clear that the 
counterpart of Theorem 1 cannot be proved for the case where for all iE N, 
S25" 

Note that in Theorem 1, LSOV,,,_, imposes direct restrictions on 
outcomes for two-element issues only. Restrictions on outcomes from issues 
with more than two elements come indirectly only through MB. Thus the 
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hypothesis of the theorem does not impose even Pareto optimality on 
outcomes from issues with more than two alternatives (though LSOV,,,_,, 
in the presence of LM, does imply Pareto optimality of outcomes for two- 
element issues). When S;=J°, one may explore the possibility of generating 
impossibility results by imposing direct restrictions on outcomes from issues 
with more than two elements, in addition to assuming LSOV),,_, and MB. 
The following example shows that when S,=J°, the properties of Pareto 
optimality (for every issue), LSOV,,,_,, and MB are not enough to generate 
manipulability results under Assumption 2’. 


EXAMPLE 4. Let S;=J° for all i€ N. Let V be a fixed linear ordering 
over X and let f be a GDF satisfying conditions 1 and 2 in Example 3. 
Clearly for every issue A and for every situation s, the outcomes under / are 
Pareto optimal (in terms of s). Also f satisfies LSOV,,,_, and MB. 
However, it can be checked that f is strictly non-manipulable under 
Assumption 2’ (which is consistent with Assumption 2) given that S,=J° for 
all iE N. 


When S;=J° for all i€N, it may still be possible to generate 
manipulability results by imposing, in addition to LSOV,,,_, and MB, 
properties which are stronger than Pareto optimality and which impose 
direct restrictions on outcomes from issues with more than two elements. 
However, this can substantially restrict the scope of the theorem by 
excluding a large number of GDFs based on pairwise comparisons. Note 
that, as shown by the following example, even the general property of Pareto 
optimality may not be fulfilled by plausible decision procedures which 
proceed by a sequence of pairwise comparisons. 


EXAMPLE 5. Suppose N= {1, 2,3} and X = {x,, x,, x ;,,}. Suppose for 
every s€ S, f(s, X)=X*(q, s, f), where g(1) =x,; g(2) =x; 9(3) =x,; and 
q(4) =x, (we are using here notation introduced in Section 2). Suppose for 
all s€ S and for all a, BEX, aRb iff {iE N| aP,b}| > HiEN| bP,a}l. 
Consider s€S such that x,P,x,P,x,P,x3; *3;P,x,P,)x,P,x,; and 
X4P3X,P;x,P3;xX,. Then (x;Px, and x,Px, and x,Px, and x,Px,) and 
S(s, X) = {x,}, which violates Pareto optimality. 

A question of considerable interst is whether in Theorem | one can relax 
the degree of binariness imposed by MB without affecting the negative 
conclusion. For example, it would be of interest to find out whether the result 
remains intact if MB is replaced by Sen’s [14] condition y, which is much 
weaker than MB and which only requires that for every issue A and every 
situation s, if {xGA|xPy for all yE€ (A — {x})} #0, then f(s,d)= 
{x €A|xPy for all y € (A — {x})}. We have not been able to resolve this 
question in either way, and therefore we leave it as an open problem. 
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